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Abstract
In this paper a finite difference scheme is proposed for multidimensional convection–diffusion–reaction equations, particularly
designed to treat the most interesting case of small diffusion. It is based closely on the work S¸endur and Neslitu¨rk (2011).
Application of the method to multidimensional convection–diffusion–reaction equation is based on a simple splitting of the
convection–diffusion–reaction equation and then joining their approximations obtained with S¸endur and Neslitu¨rk (2011). The
method adapts very well to all regimes with continuous transitions from one regime to another. Numerical tests show good
performance of the method and superiority with respect to well known stabilized finite element methods.
c⃝ 2014 Elsevier B.V. All rights reserved.
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1. Introduction
Exact solution of the convection–diffusion–reaction equation may contain sharp layers where gradient of the
solution changes abruptly when the problem is convection-dominated or reaction-dominated. In such cases, classical
numerical approaches such as standard Galerkin and central differencing do not work and exhibit spurious oscillations
that pollute whole domain. Many methods have been proposed so far to cure this situation, especially in finite element
approach.
In the context of variational formulations, Streamline-Upwind Petrov Galerkin (SUPG) [1] is one of the first method
to cure this situation. Another approach is Residual-Free-Bubble (RFB) method based on enriching the finite element
space [2–5]. It is first studied in [3] to find a suitable value of stabilizing parameter for SUPG method. The main
problem with this method is that it requires the solution of a local PDE which is as difficult as solving the original
problem. Cheap approximate solutions to this local problem were designed by several researchers [6–15]. Although
there exist very effective algorithms in one space dimension such as [6,15], in higher dimensions, it is very difficult to
design methods which are robust in all regimes and the techniques have been proposed so far to approximate the local
PDE are not efficient as in one space dimension (see [14,15]).
∗ Tel.: +90 02327507773.
E-mail addresses: ademkaya@iyte.edu.tr, baffiros@gmail.com.
http://dx.doi.org/10.1016/j.cma.2014.06.002
0045-7825/ c⃝ 2014 Elsevier B.V. All rights reserved.
348 A. Kaya / Comput. Methods Appl. Mech. Engrg. 278 (2014) 347–360
Pseudo Residual-Free Bubble (P-RFB) [15] method aims to get sub-grid nodes to approximate bubble functions
cheaply using piecewise linear functions by a minimization process with respect to L1 norm. It adapts very well to
all regimes with continuous transitions from one regime to another regime. Although it is applicable in two and three
space dimensions, it is not easy to find optimal positions of sub-grid nodes to approximate bubble functions (see [14]).
Piecewise linear approximation to bubble functions in [15] is the main motivation to start this work.
It is well known that standard Galerkin finite element method with piecewise linear basis functions corresponds
to central differencing on uniform meshes. Since the pseudo bubble functions used in [15] are piecewise linear, it is
possible to find finite difference correspondence of the integrals containing bubble functions and thus, finite difference
correspondence of [15]. Hauke and his coworkers did similar works to examine stability of Galerkin, SUPG and
SGS/GSGS methods for time dependent convection–diffusion–reaction equations in [16–18].
In this study we aim to find finite difference correspondence of the method [15]. To apply the method in
multidimensions a simple splitting is done for convection–diffusion–reaction equation and then their approximations
obtained with the finite difference correspondence of [15] are joined together.
The paper is organized as follows: In the next section, a brief review of P-RFB [15] method and its finite difference
correspondence are given. In Section 3, application of the method in two space dimensions is given. We give numerical
experiments to illustrate the performance of the proposed method in Section 4. Finally, concluding remarks.
2. Pseudo Residual-Free Bubble (P-RFB) method [15] and its finite difference correspondence
We start with considering the following one dimensional convection–diffusion–reaction equation:Lu = −ϵu′′ + βu′ + σu = f (x) on I,
u(a) = u(b) = 0, (1)
where I = (a, b), ϵ > 0, β ≥ 0 and σ ≥ 0 for simplicity. P-RFB method [15] was designed for Eq. (1). It aims to
approximate the basis bubble functions with piecewise linear functions by adding sub-grid nodes in each element (see
Fig. 1). Let z1 and z2 be two sub-grids in a typical element K = (xk−1, xk) such that xk−1 < z1 < z2 < xk on which
the basis bubble functions are approximated. Explicit expressions of the heights α1 and α2 of the pseudo-bubbles are
defined as follows:
α1 = 3β + (ξ − 2h)σ
2h( 3ϵ
ξ(h−ξ) + σ)
, α2 = −3β + (2h − η)σ
2h( 3ϵ
η(h−η) + σ)
(2)
where ξ = z1 − xk−1, η = xk − z2. We note that optimal choice of ξ in convection dominated regime is h − η (see
Fig. 2). Then locations of the sub-grid nodes zi (i = 1, 2) are defined as follows:
x2 − z2 = min

h
3
,
−3β +9β2 + 24ϵσ
2σ

,
z1 − x1 = min

h − η, 3β +

9β2 + 24ϵσ
2σ

. (3)
After finding the locations of sub-grids, P-RFB reads on extended space Vh = VL VB : Find uh in Vh such that
a(uL , vh)+ a(uB, vh) = ( f, vh), ∀vh ∈ Vh (4)
where VL is the space of continuous piecewise linear polynomials and VB = K BK is the space of continuous
piecewise linear bubble functions such that BK = H10 (K ) and bilinear form is defined as follows:
a(u, v) = ϵ

I
u′v′dx +

I
(βu)′vdx +

I
uvdx . (5)
In order to derive finite difference correspondence of [15] we calculate the integrals coming from the variational for-
mulation. We omit calculations of the integrals and directly give results. Let u j represent the numerical approximation
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Fig. 1. Pseudo basis bubble functions.
Fig. 2. Optimal ξ in convection — dominated regime.
at node x j . Combining all the results and dividing both sides by h we get finite difference correspondence of [15] on
uniform mesh as follows:
− ϵ u j+1 − 2u j + u j−1
h2
+ β u j+1 − u j−1
2h
+ σ u j+1 + 4u j + u j−1
6
+β α2
2

u j+1 − u j
h

+ β α1
2

u j − u j−1
h

+ σ α2(h + η)u j+1 + (α2(2h − η)+ α1(2h − ξ)) u j + α1(h + ξ)u j−1
6h
= f j−1 + 4 f j + f j+1
6
+ α2(h + η) f j+1 + (α2(2h − η)+ α1(2h − ξ)) f j + α1(h + ξ) fi−1
6h
. (6)
On non-uniform meshes the right hand side requires a special attention for variable case when the problem is reaction-
dominated. So, we give finite difference correspondence without source function on non-uniform meshes as follows:
− ϵ u j+1
h2
+ ϵ u j
h2
+ ϵ u j
h1
− ϵ u j−1
h1
+ β u j+1 − u j−1
2
+ σ h2u j+1 + 2h2u j + 2h1u j + h1u j−1
6
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+β

α22
u j+1
2
+ α21 u j2 − α12
u j
2
− α11 u j−12

+ σ α22(h2 + η2)u j+1 + (α12(2h1 − η1)+ α21(2h2 − ξ2)) u j + α11(h1 + ξ1)u j−1
6
= 0 (7)
where h2 = x j+1 − x j , h1 = x j − x j−1. While α22, α21, η2 and ξ2 are calculated in the interval (x j , x j+1), α12, α11,
η1 and ξ1 are calculated in the interval (x j−1, x j ).
3. Application of the method to 2-dimensional convection–diffusion–reaction equations
Now, we consider the following constant coefficient linear elliptic convection–diffusion–reaction problem in a
polygonal domain Ω :−ϵ

∂2u
∂x2
+ ∂
2u
∂y2

+ b.

∂u
∂x
,
∂u
∂y

+ σu = f (x, y) onΩ ,
u(x, y) = 0 on ∂Ω ,
(8)
under the assumptions that ϵ > 0, b = (b1, b2) ≠ 0. We can rewrite Eq. (8) as follows:
−ϵ

∂2u
∂x2

+ b1

∂u
∂x

+ σ |b1||b1| + |b2|u − ϵ

∂2u
∂y2

+ b2

∂u
∂y

+ σ |b2||b1| + |b2|u
= |b1||b1| + |b2| f (x, y)+
|b2|
|b1| + |b2| f (x, y) onΩ ,
u(x, y) = g on ∂Ω .
(9)
Next, we consider Eq. (9) as a sum of the following one space dimensional convection–diffusion–reaction equations;
−ϵ

d2u
dx2

+ b1

du
dx

+ σ |b1||b1| + |b2|u =
|b1|
|b1| + |b2| f,
−ϵ

d2u
dy2

+ b2

du
dy

+ σ |b2||b1| + |b2|u =
|b2|
|b1| + |b2| f.
(10)
Summing up their approximations obtained with finite difference scheme (6) we get the following finite difference
approximation for Eq. (8);
− ϵ ui+1, j − 2ui, j + ui−1, j
h2
+ b1 ui+1, j − ui−1, j2h + b1
αx2
2

ui+1, j − ui, j
h

+ b1αx12

ui, j − ui−1, j
h

+ |b1||b1| + |b2|

σ
ui+1, j + 4ui, j + ui−1, j
6
+ σ αx2(h + ηx )ui+1, j + (αx2(2h − ηx )+ αx1(2h − ξx )) ui, j + αx1(h + ξx )ui−1, j
6h

− ϵ ui, j+1 − 2ui, j + ui, j−1
k2
+ b2 ui, j+1 − ui, j−12k + b2
αy2
2

ui, j+1 − ui, j
k

+ b2αy12

ui, j − ui, j−1
k

+ |b2||b1| + |b2|

σ
ui, j+1 + 4ui, j + ui, j−1
6
+ σ αy2(k + ηy)ui, j+1 +

αy2(2k − ηy)+ αy1(2k − ξy)

ui, j + αy1(k + ξy)ui, j−1
6k

= |b1||b1| + |b2|

fi−1, j + 4 fi, j + fi+1, j
6
+ αx2(h + ηx ) fi+1, j + (αx2(2h − ηx )+ αx1(2h − ξx )) fi, j + αx1(h + ξx ) fi−1, j
6h

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+ |b2||b1| + |b2|

fi, j−1 + 4 fi, j + fi, j+1
6
+ αy2(k + ηy) fi, j+1 +

αy2(2k − ηy)+ αy1(2k − ξy)

fi, j + αy1(k + ξy) fi, j−1
6k

. (11)
The sub-indices x and y in α1, α2, ξ and η represent discretizations in which they are obtained. Since the source
function requires a special attention for variable case on non-uniform meshes, we give finite difference approximation
of convection–diffusion–reaction equation (8) without source function as follows:
− ϵ ui+1, j
h2
+ ϵ ui, j
h2
+ ϵ ui, j
h1
− ϵ ui−1, j
h1
+ b1 ui+1, j − ui−1, j2
+ b1

αx22
ui+1, j
2
+ αx21 ui, j2 − αx12
ui, j
2
− αx11 ui−1, j2

+ |b1||b1| + |b2|σ
h2ui+1, j + 2h2ui, j + 2h1ui, j + h1ui−1, j
6
+ |b1||b1| + |b2|σ
× αx22(h2 + ηx2)ui+1, j + (αx12(2h1 − ηx1)+ αx21(2h2 − ξx2)) ui, j + αx11(h1 + ξx1)ui−1, j
6
− ϵ ui, j+1
k2
+ ϵ ui, j
k2
+ ϵ ui, j
k1
− ϵ ui, j−1
k1
+ b2 ui, j+1 − ui, j−12
+ b2

αy22
ui, j+1
2
+ αy21 ui, j2 − αy12
ui, j
2
− αy11 ui, j−12

+ |b2||b1| + |b2|σ
k2ui, j+1 + 2k2ui, j + 2k1ui, j + k1ui, j−1
6
+ |b2||b1| + |b2|σ
× αy22(k2 + ηy2)ui, j+1 +

αy12(2k1 − ηy1)+ αy21(2k2 − ξy2)

ui, j + αy11(k1 + ξy1)ui, j−1
6
= 0 (12)
where h2 = xi+1− xi , h1 = xi − xi−1, k2 = yi+1− yi and k1 = yi − yi−1 are projected intervals onto the axes. While
αx22, αx21, ηx2 and ξx2 are calculated in the interval (xi , xi+1), αx12, αx11, ηx1 and ξx1 are calculated in the interval
(xi−1, xi ). Similarly, the values in y-direction are calculated in the projected intervals (yi , yi+1) and (yi−1, yi ). Finite
difference approximation of Eq. (8) without reaction term on non-uniform grid is suggested as given below:
− ϵ ui+1, j
h2
+ ϵ ui, j
h2
+ ϵ ui, j
h1
− ϵ ui−1, j
h1
+ b1 ui+1, j − ui−1, j2
+ b1

αx22
ui+1, j
2
+ αx21 ui, j2 − αx12
ui, j
2
− αx11 ui−1, j2

− ϵ ui, j+1
k2
+ ϵ ui, j
k2
+ ϵ ui, j
k1
− ϵ ui, j−1
k1
+ b2 ui, j+1 − ui, j−12
+ b2

αy22
ui, j+1
2
+ αy21 ui, j2 − αy12
ui, j
2
− αy11 ui, j−12

= |b1||b1| + |b2|σ
h2 fi+1, j + 2h2 fi, j + 2h1 fi, j + h1 fi−1, j
6
+ |b2||b1| + |b2|σ
k2 fi, j+1 + 2k2 fi, j + 2k1ui, j + k1 fi, j−1
6
. (13)
We are doing everything on stencil level. If discretization of a domain can be done with triangular or rectangular
elements then we can apply this strategy on the same discretization.
The reason for choices of the coefficients of reaction term and source function in Eq. (10) is to minimize residual
coming from the discretization of the problem. Suppose that b1 and the source function f are zero. Since we are
considering small diffusion, we can neglect the error coming from discretization of the diffusion term. If we choose
coefficient of reaction term of the first equation in (10) zero then residual becomes approximately zero which comes
from just discretization of the diffusion term for the first equation.
We remark that all procedure is applicable in three space dimensions, by splitting convection–diffusion–reaction
equation into three equations.
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Fig. 3. Examples of unstructured grids.
Fig. 4. Test 1, convergence rates of SUPG, RFB and Present methods.
4. Numerical tests
In this section, we report some numerical experiments to illustrate the performance of the present method and
compare it with well-known stabilized finite element methods. We report also errors in L2 norm and non-dimensional
parameters; the element Peclet number and the element Damko¨hler number. The method is tested on both structured
and unstructured grids. Unstructured grids are obtained with perturbing internal nodes of structured grids. Fig. 3
shows two examples of unstructured grid obtained with this procedure. RFB solutions are obtained with two level
finite element method.
4.1. Test 1
To test the convergence of the method we consider the problem on unit square which is possible to solve analytically
with the following boundary conditions:
u =

0, if y = 0, 0 ≤ x ≤ 1,
0, if x = 1, 0 ≤ y ≤ 1,
0, if y = 1, 0 ≤ x ≤ 1,
sin(πy), if x = 0, 0 ≤ y ≤ 1.
We set b = (1, 0) and f (x, y) = 0. The exact solution is
u(x, y) = e
x/2ϵ sinh (−m(1− x)) sin(πy)
sinh (−m) where m =

1+ 4ϵ(ϵπ2 + σ)/2ϵ.
Taking h = 0.1, 0.05, 0.025, 0.0125 uniform grid sizes in x and y directions we report errors in L2 norm. Convergence
rates of SUPG, RFB and present methods are presented in Fig. 4 for two different values of reaction coefficient
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Fig. 5. Test 1, elevation plots and corresponding contour plots obtained with 21× 21 nodes for σ = 10−6 which corresponds Pe = 500.
Fig. 6. Test 2, numerical solutions obtained with 21× 21 nodes for Pe = 50,000.
σ = 10−6, 15 with ϵ = 10−4. Quality of the present algorithm is clear for both cases. Fig. 5 presents elevation plots
of exact solution and numerical approximations obtained with present method and corresponding contour plots for
σ = 10−6.
4.2. Test 2
This test is a uniform advection problem on unit square with a constant source term studied in [19]. The problem
data is: ϵ = 10−6, (b1, b2) = (1, 0), σ = 0 and f = 1 which corresponds to Pe = 50,000. Homogeneous Dirichlet
boundary condition is imposed everywhere. Exact solution of this problem exhibits exponential layers at the boundary
(x = 1, y) and characteristic boundary layers at (x, y = 0) and (x, y = 1). Numerical solutions obtained with 21×21
uniform nodes, are presented in Fig. 6 and corresponding contour plots in Fig. 7. Although SUPG and RFB methods
exhibit undesired oscillations near layers regions, Present method has no undesired oscillations.
4.3. Test 3
In this test, we observe behavior of the method in different regimes on unit square and compare with other
methods. Homogeneous Dirichlet boundary condition is imposed everywhere on the boundary. We take ϵ = 10−6,
(b1, b2) = (cos 72◦, sin 72◦) and different intensities of reactions σ = 10−6, 20, 1000 with f = 1, 20, 1000,
respectively. Numerical solutions obtained with 21× 21 uniform nodes are shown in Fig. 8.
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Fig. 7. Test 2, corresponding contour plots of numerical solutions in Fig. 6.
Fig. 8. Test 3, numerical solutions in different regimes for mesh Peclet and Damko¨hler numbers, Pe = 50,000, Da = 0.00000005 (first row),
Pe = 50,000, Da = 1 (second row), Pe = 50,000, Da = 50 (third row).
4.4. Test 4
In this test problem we take the following boundary conditions which lead sharp boundary layers in reaction
dominated regime:
u =

0, if y = 0, 0 ≤ x ≤ 1,
0, if x = 1, 0 ≤ y ≤ 1,
1, if y = 1, 0 ≤ x ≤ 1,
1, if x = 0, 0 ≤ y ≤ 1.
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Fig. 9. Test 4, numerical approximations of the three methods for Pe = 50,000, Da = 5 (first row), Pe = 50,000, Da = 50 (second row).
Fig. 10. Test 4, numerical approximations of the present method on unstructured grid.
We set diffusion coefficient to ϵ = 10−6 and angle of wind to (b1, b2) = (cos 45◦, sin 45◦) with f = 0. Numerical
solutions obtained with 21 × 21 structured grid are shown in Fig. 9 for σ = 100, 1000. Furthermore, numerical
approximations for the same problem parameters obtained with 21× 21 unstructured grid are presented in Fig. 10.
4.5. Test 5
In this test problem we consider the following boundary conditions on unit square which leads internal layer in the
direction of the angle of wind when the problem is convection dominated:
u =

1, if y = 0, 0 ≤ x ≤ 0.2,
0, if y = 0, 0.2 < x ≤ 1,
0, if x = 1, 0 ≤ y ≤ 1,
0, if y = 1, 0 ≤ x ≤ 1,
1, if x = 0, 0 ≤ y ≤ 1.
The problem data is: ϵ = 10−6, (b1, b2) = (cos 75◦, sin 75◦) σ = 10−6 with f = 0. Fig. 11 shows elevation
plots and corresponding contour plots of numerical approximations obtained with 41× 41 uniform nodes. Moreover,
numerical solution and corresponding contour plot of the present method for the same problem parameters obtained
with unstructured grid points are illustrated in Fig. 12.
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Fig. 11. Test 5, numerical solutions and corresponding contour plots of three methods for Pe = 25,000.
Fig. 12. Test 5, numerical solution of the present method on unstructured grid.
4.6. Test 6
Next, we consider a nonuniform advection problem. The boundary conditions are given by
u =

1, if x = 0, 0 ≤ y ≤ 1,
0, otherwise.
We set ϵ = 10−6, (b1, b2) = (y,−x), σ = 10−6, f = 0 and display the numerical results in Fig. 13 on 81 × 81
structured and unstructured grid points.
4.7. Test 7
This is a nonuniform advection and reaction problem. Consider the unit square and the following problem data:
ϵ = 10−6, (b1, b2) = (10x, 10y), σ = x and f = 0. The Dirichlet boundary conditions are: u = 1 on (x = 0, y) and
u = 0 on the rest of the boundary. The domain is discretized using 41 × 41 structured and unstructured grid points.
Numerical solutions are presented in Fig. 14.
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Fig. 13. Test 6, elevation plots and corresponding contour plots of the present method for nonuniform advection.
Fig. 14. Test 7, numerical approximations on structured and unstructured grids.
4.8. Test 8
In this test problem, we consider a half circular domain centered at the point (0.5, 0) with radius r = 0.5. 961
structured (nonuniform) grid points are used for the discretization of the domain. The Dirichlet boundary conditions
are: u = 1 on (0 ≤ x ≤ 0.5, y = 0) and u = 0 on the rest of the boundary. The problem data is ϵ = 10−6, σ = 10−6,
(b1, b2) = (0, 1) and f = 0. The grid used in numerical approximation and elevation plot of numerical solution are
illustrated in Fig. 15.
4.9. Test 9
This is a convection–diffusion problem with variable source function. Homogeneous Dirichlet boundary condition
is imposed everywhere on the boundary on unit square. The problem data is ϵ = 10−7, σ = 0, (b1, b2) =
(cos 72◦, sin 72◦) and f = x + y. Numerical solutions obtained with 41× 41 structured and unstructured grid points
are presented in Fig. 16.
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Fig. 15. Test 8, the grid used in numerical approximation and elevation plot of numerical solution.
Fig. 16. Test 8, numerical solutions on structured and unstructured grids for Pe = 125,000.
4.10. Test 10
This is the last test problem in two space dimensions. We consider a variable source function which is discontinuous
and defined as follows:
f (x, y) =

200x, if 0 ≤ x ≤ 0.5,
−200x, if 0.5 < x ≤ 1.
Homogeneous Dirichlet boundary condition is imposed everywhere on the boundary. We take ϵ = 10−6, σ = 200
and (b1, b2) = (0, 1). Numerical approximations obtained with 21×21 and 41×41 uniform grid points are presented
in Fig. 17.
4.11. Test 11
In our last experiment, we apply the method to 3-dimensional convection–diffusion–reaction equation. We test the
method for different intensities of reactions. Homogeneous Dirichlet boundary condition is imposed everywhere on
unit cube. 21×21×21 uniform grid points are used to discretize the domain. We take ϵ = 10−6, (b1, b2, b3) = (0, 0, 1)
and different intensities of reactions σ = 10−6, 10, 50, 1000 with f (x, y, z) = 1, 10, 50, 1000 on 0.2 ≤ x ≤ 0.5,
0.2 ≤ y ≤ 0.5, 0.2 ≤ z ≤ 0.5 and it is zero elsewhere in the domain. Numerical solutions at the cut plane x = 0.5 are
presented in Fig. 18.
5. Conclusion
In this paper, a finite difference method was proposed for multidimensional convection–diffusion–reaction equa-
tions. This approach is highly based on the work [15] which was proposed for one dimensional convection–
diffusion–reaction equation. Derivation of the algorithm in two and three space dimensions is based on a simplistic
split to two and three expressions, respectively and then joining together their approximations. Stencils for uniform
and nonuniform grid points were derived. In the numerical studies, we tested the present algorithm in different regimes
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Fig. 17. Test 9, numerical approximations of test problem 6 for Da = 10 (left) and Da = 5 (right).
Fig. 18. Test 10, numerical approximations at the cut plane x = 0.5. The mesh Peclet number is Pe = 25,000 and Damko¨hler numbers are
Da = 0.00000005 for σ = 10−6, Da = 0.5 for σ = 10, Da = 2.5 and Da = 50 for σ = 1000.
and compared it with well known stabilized finite element methods. Comprehensive comparisons indicated superiority
of the present method. Since the pseudo basis bubble functions in [15] effectively approximate the basis bubble func-
tions in one space dimension and it is very difficult to approximate the bubbles in higher dimensions efficiently, the
present method leads to superior numerical performance than RFB method. The method was tested for wide ranges of
the problem coefficients. We increased the mesh Peclet number (Pe) up to 125,000 and Damko¨hler number (Da) up
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to 50 and we encountered ignorable oscillations on unstructured grids just for some tests. Furthermore, a half circular
domain which was discretized by nonuniform grid points was used to show that the present method is applicable in
complex domains. Finally, we applied the method to 3-dimensional convection–diffusion–reaction problem and we
saw that the quality is preserved in three space dimensions.
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